JOURNAL OF SPACECRAFT AND ROCKETS
Vol. 38, No. 6, November-December 2001

Multigrid Algorithm for Computing Hypersonic,
Chemically Reacting Flows

Sung-soo Kim,* Chongam Kim," and Oh-Hyun Rho*
Seoul National University, Seoul 151-742, Republic of Korea

A robust and efficient multigrid method for computinginviscid and viscous high-speed steady-state reactive flows
is presented. Curve-fitted data are used to calculate equilibrium properties. Nonequilibrium flows are calculated
using five-species and two-temperature air models. The advection upstream splitting method by pressure-based
weight functions is used to acquire robustness and spatial accuracy in capturing a shock and resolving a boundary
layer. The five-stage Runge-Kutta and lower-upper symmetric Gauss-Seidel schemes are adopted for efficient time
integration. The chemical source terms are treated in a point-implicit manner when five-stage Runge-Kutta is used.
To overcome the stability problem in applying the multigrid method to high-speed reactive flow calculations, a
modified damped prolongation and a new implicit residual smoothing are proposed. The proposed methods are
applied to the computations of hypersonic equilibrium and nonequilibrium flows over a half-cylinder. The results
reveal the robustness of the proposed methods and substantial multigrid speed-ups in both the equilibrium and

nonequilibrium test cases.

Nomenclature
A,B = flux Jacobian matrices
a = speed of sound, m/s
e,e,,h = internal energy, total energy, enthalpy per unit mass,
J/kg
M = Mach number or molecular weight
p = pressure, N/m?
T = temperature, K
t = time,s
u,v = velocity componentsin the x and y directions, m/s
Subscripts
iors = species
rot = rotational
trans = translational
vorvib = vibrational

Introduction

S a means of realizing a high-speed transportation system for

the 21stcentury, the engineeringanalysis and design of hyper-
sonic flight vehicles have emerged as an important research field.
Numerous studies are carried out to unveil the physics of hypersonic
flows experimentally or numerically. Computations of hypersonic
flows using computational fluid dynamics, however, suffer from a
very slow convergence toward a steady state, leading to high com-
putational cost and inefficient numerical analysis. One of the main
reasonsis the broad spectrum of the Mach number in the flowfields,
which results in very different timescales. Another is the chem-
ical reaction in high-temperature regions. The ratio between fluid
dynamic timescale associated with convection,diffusion,and chem-
ical reaction timescale can be higher than 10°, which makes it very
difficult for numerical solutions to converge to steady states. Highly
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nonlinear behavior near strong shock regions also deteriorates the
convergencerate. Thus, the need for efficient numerical techniques
to solve the governing equations of hypersonic chemically reacting
flows has become very obvious over the past few years. Although
the multigrid method has been successfullyapplied to subsonic and
transonicflow calculations,yieldinga significantincreasein the con-
vergencerate, the application of the multigrid method to hypersonic
reactive flows is still limited because of unphysicalnegative density
and/or pressurenear a strong shock or expansionregion. This robust-
ness problem is considered to be one of the main threats in the ap-
plication of the multigrid method to hypersonic flow computations.

Several studies have been carried out to improve the performance
of the multigrid in high-speed flows. Turkel et al.! calculate hy-
personic viscous two- and three-dimensional flows using the multi-
grid method with an explicit Runge-Kutta scheme. A full multigrid
(FMG) method is used to provide a well-conditioned starting solu-
tion for fine grids. To avoid numerical difficulties associated with
freestream conditions, they start the calculation with a lower Mach
number and gradually increase the Mach number to the desired flow
conditions. A numericaldissipation,which is shown to be the crucial
aspect of their multigrid method, is formulated to overcome insta-
bility near a shock and to preserve a good shock-capturingproperty.
Also, variable coefficients in the implicit residual smoothing are
introduced to remove the diffusion limit on the time step, and con-
stant coefficients implicitresidual smoothingis appliedto the coarse
grid corrections being transferred to fine grids. This process acts to
reduce unphysical upstream influence and high-frequency oscilla-
tions, which are caused by standard prolongationnear strong shocks
and make multigrid unstable in hypersonic flows.

The central restriction operator used in the standard multigrid al-
gorithm for subsonic and transonic flow regimes allows unphysical
upstream propagationof disturbances in the case of supersonic and
hypersonicflows. To cure such phenomena, a pressure-baseddamp-
ing of restricted residual is widely used. For inviscid hypersonic
flows Koren and Hemker? show that the local damping of restricted
residualimproves the robustnessof the multigrid method. Radespiel
and Swanson® also use a damped restriction for the same purpose.
A pressure-based switch is exploited to detect strong shocks and to
damp restricted residual near-shock regions, which is in line with
the restriction damping technique of Koren and Hemker.?

The damped method can be applied to the prolongation and the
time step. Gerlinger et al.* design a hybrid switch using a standard
pressure-based sensor and a sensor with total variation diminishing
propertiesto detect strong shocks and use it to damp restrictedresid-
ual, prolongated correction and the time step.*~% Edwards’ uses a
Frechét derivative approximation to treat residual error and suc-
cessfully calculates chemically reacting viscous flows using the
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multigrid. In this approximation residual error is calculated as in
the linear multigrid method to minimize the influence of the large
change in a coarse-grid solution resulting from the combination
of strong discontinuities and low resolution. However, the optimal
parameter value is not mentioned. Zhu et al.® proposed a pressure-
basedsensorfordamped prolongation.This sensoris calculated with
pressure values on the fine grid, prolongatedfrom the initial solution
on the corresponding coarse grid, and prolongated from the coarse
grid solution after a few smoothing sweeps. This damped prolon-
gation is simple and helps to stabilize transient solutions. With the
pressure-based damped prolongation two- and three-dimensional
hypersonic flows are calculated. However, their applications are
limited to frozen flows.

In the present paper a FMG method with damped prolongation
is used to calculate hypersonic flows. The damped prolongation
proposed in Ref. 8 is modified to a simpler form based on numer-
ical analysis, and test cases are extended to hypersonic reactive
flows including equilibrium inviscid, viscous flows, and nonequi-
librium inviscid, viscous flows. The results show that the modified
damped prolongation helps to stabilize transient solutions of the
multigrid method. For smoothing sweeps lower-upper symmetric
Gauss-Seidel (LU-SGS) and five-stage Runge-Kutta schemes as-
sociated with an implicit residual smoothing are used. Based on
the stability analysis of a convection-diffusionequation, new vari-
able coefficients for the implicit residual smoothing are developed,
which enhance local stability significantly. These new variable co-
efficients make the multigrid procedure more stable and help to
acquire a very good convergence rate. When nonequilibrium flow
is calculated with the five-stage Runge-Kutta scheme, the chemi-
cal reaction source term is treated point implicitly to overcome the
time-step restriction. Comparisons in multigrid efficiency between
the five-stage Runge-Kutta and the LU-SGS time integration are
presented.

Governing Equations

Equilibrium Flow

When the density is sufficiently high so that there are enoughcol-
lisions between particlesto allow the equilibrationof energy transfer
between the various modes, the flow is in equilibrium. For equilib-
rium flow any two thermodynamic properties can be used to define
the state of flow uniquely. The governing equations for equilibrium
laminar viscous flows in a nondimensionalized conservation form
can be written as
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The equation of state is
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The specific heat ratio y in Eq. (3) is the function of two thermo-
dynamic variables. In the present paper thermodynamic properties
such as pressure and temperaturein equilibrium state are calculated
using curve-fitted data.’ Transport properties such as viscosity and
conductivity are also calculated using curve-fitted data.'”

Nonequilibrium Flow

The dynamic behavior of a flow is significantly affected by
chemical reactions when a nonequilibrium reacting flow is com-
puted. Therefore, all of the species and vibrational energies of
molecules should be added to the governing equations as ad-
ditional flow variables. In the present paper a five-species two-
temperature air model''~!* is used in the temperature range of
2500 K < T <9000 K. For the reaction rate constant Blottner’s
model' is adopted:

NO+M < N+O+ M, O+NO < N+0,

O+N, <+ N +NO )
where M can be any one of the five possible collision partners.

The governing equations for nonequilibrium laminar viscous
flows in a nondimensionalizedconservation form are written as
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The viscosity model of Blottner et al.'* is used to calculate the
species viscosity u;:

wi = 0.1expl(A; baT + B) tnT + C;] 7)

where A;, B;, and C; are given in Ref. 14.
The conductivities of the species, which are derived from the
Eucken relation,!! are

— 3 —
Ki = Mz‘(gcv,tans.i + Cv,rol.i)» Kvib,i = MiCu,vib,i ®)

The diffusion coefficients are computed by
D; = (M;/M)[(1 —¢))/(1 — X)|D C))

where D = u/pSc and Sc is the Schmidt number and is constant.
The total viscosity and conductivity are calculated using Wilke’s
semi-empirical mixing rule'>:

MZZ%’ K=Z% (10)

s

where

—1

s

o B[R]

s

Vector S represents the source term for thermochemical phenom-
ena, which includes the source of the species, w; in the species
continuity equations and (po;éyib.s + Wseyiv s) in the vibrational en-
ergy equation. The species equations for O, and N, (for p4 and ps)
are excluded in the governingequationsto reduce the computational
time and memory storage. The density values of O, and N, are ob-
tained from the global mass conservationequationand the elemental
conservation condition between oxygen and nitrogen.'®

The equation of state is

R
P=Z,OXVYT (1D

where R is the universal gas constant (8.314 kJ/kg - mole - K) and
M, is the molecular weight of each species in nonequilibrium gas.

Space Discretization

The advection upstream splitting method by pressure-based
weight functions (AUSMPW)!7 scheme is used for spacediscretiza-
tion. The main feature of AUSMPW is to remove oscillations of
AUSM+'® neara wall or acrossa strong shock while maintaining the
accuracy of the original scheme. The numerical flux of AUSMPW
is written as follows:

Fy, = ';c¢¢>L+M;c¢ch+(P:| PP 3PR) (12)
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and ® = (p, pu, pH)",P=(0, p, 0)".
f1.r and pressure-based weight function w are as follows:
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The split Mach number and the split pressure of AUSMPW at the
cell interface are as follows:

Mi| _ LM L1 £ BM*— 1) M| <1
B (M + |M)) M| >1 (16)

|
o

B {i(Mi D2QFM)£aM(M? -1 M| <1
L300 £ sign(an)] IM|>1 (17)

The Mach number of each side is defined as follows:

Mg =Upr[ey, cy = min(é,, &) (18)

1l
2

where& =2/ max(|U[, ¢*), ¢* = /{12y — 1)/(y + D]H},andU
is the contravariant velocity.

Time Integration
Explicit Time Integration
The five-stage Runge-Kutta scheme adopted in the present study
has the following form:
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0% = Q0 — g JAR D, @t =W

(19)

0" =0

where

o = oy = oy =

)

S

Il
0| W
N =

(oY I

1
7

. . . . k-1
{ R 8E+8F oE, +8FU S
oas = 1, = _— — _— _— —_

’ o8 " on  \ 95 oy

For nonequilibrium flows, the species production terms obtained
from finite rate chemical reactions introduce additional stiffness
into the equation set causing the algorithm to be unstable except for
very small Courant-Friedrichs-Lewy (CFL) numbers. To overcome
the time-step restrictionimposed by the chemical source terms, the

source terms are evaluated implicitly."” A Taylor-series expansion
is performed on this term, which is given by

(I — o J AH)[QY — Q0] = —a J AR D (20)

where H=9S5/9Q. This is called the point-implicitmethod because
the implicit terms are not spatially differenced but are evaluated
point by point.

Implicit Time Integration
The governingequationscan be discretized using the Euler back-
ward method in time as follows:

(I/JAt+5,A* +8JA~ +6,B* +6/B~ —H)'AQ!, = R},
@n

where

AQ =0T -0, A=—, B=

S
&S
S
3l

The left-hand-side matrix of Eq. (21) is inverted approximately
by the LU-SGS scheme as follows:

LD™'UAQ!, = —R},; (22)
where
L=I/JAt+8;A*+8B"—A~—-B - H

D=I/JAt+A" +B* —A~ — B~
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L
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Implicit Residual Smoothing

Implicit Residual Smoothing for Inviscid Flow

The implicit residual smoothing has the following form in two
dimensions:

(1= BeVeA)(1 — B, V,ADR, ; =R, ; (23)

where R; ; is the unsmoothed residual and R: ; is the smoothed
residual. VA indicates the following form of a standard second-
difference operator:

VsAsRi.j=I_ai—l.j_2l_ai.j+l_ai+l.j (24)

and B is a smoothing coefficient. From the analysis of a convection
equation, variable coefficients B can be obtained as follows! 202!

Cnd (XY
G0 =maxi 2 iy ) 1)
2
= l N ; —-11,0 25)
G =ma 3 \ W Ty ’

where 1 =X, /he, he = [uE, +vE | +e/(E] +E)) and A, =
lvn, +un,|+cy/(n; +n). The quantity N/N* is the ratio of the
CFL number of the smoothed scheme to that of the basic explicit
scheme. The implicit residual smoothing of Egs. (23) and (25) is
used for inviscid flow computations with five-stage Runge-Kutta.

Implicit Residual Smoothing for Viscous Flow

From the stability analysis of the diffusion equation, the variable
coefficient that will remove the diffusion limit on the time step is
obtained as in Ref. 21. The form of 8 is

P
Ba)y = 4|:C1)LE Y 11| (26)
or simply
1.
(), = 701 7
n

where (1), = (y/Prp)(n? + %) and C, ~ 1.0.
The variable coefficient 8 including the effects of convectionand
diffusion can be calculated as follows:

By = max[(B.)y, (Ba)n] (28)

However, the coefficient 8, of Eq. (28) is found to be insufficient to
improve the local stability in the present viscous flow calculation,
which makes it difficult to obtain the desirable speed-ups that are
usually achieved in inviscid flow calculations. Thus, a new implicit
residual smoothingcoefficient 8 for viscous flows is developed from
the stability analysis of a convection-diffusionequation.

New Implicit Residual Smoothing

For the scheme to be stable, it is necessary to restrict the time
step by taking into accounta convectionlimit as well as a diffusion
limit. The actual time step At,, based on a sufficient condition for
stability can be determined as follows:

Atac[ = N()“E + )‘ry + 4')‘viscous)_1 (29)

where N is the allowable CFL number. The spectral radii A; and A,
of the Jacobian matrices A and B, multiplied by the transformation

Jacobian J, are given by
Ay = lvny+unl+cy/nt+n?

he = ug+vé|+c, /62 + &7,
(30)

The spectralradius of viscousterms Aiscous for the thin-layerNavier—
Stokes equationsis given by

Miscous = (y/Prp) (n? + 1) GD

where y is the specific heat ratio and Pr is the Prandtl number.
The implicit residual smoothing has the following form in two
dimensions:

(1= B:VeA)(1 = B,V,A DR, ; =R, (32)

To determine the variable smoothing coefficient 8, the following
convection-diffusionequation is considered:

ow . ow +b8w 92w (33)
= = o L2
ot 0x oy H 0y?

Using central difference approximation for the spatial derivatives, a
semidiscrete form of Eq. (33) is written as
dw N;

At— =

QU —7(wi+1.j_wi—l.j)—Tn(wi.jH—wi.j—l)

N,
+TD(wi.j+l_2wi.j+wi.j—l) (34)
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where the Courant numbers are given by

N; = A At = (a/Ax)At, N, = L, At = (b/Ay)At

ND = 4)‘viscousAt = 4(:“//Ay2)At (35)

After taking the discrete Fourier transformof Eq. (34), the following
form can be obtained:

dw R
At— =z (36)
dr

where the Fourier symbol is given by
z = —i(N; sin; + N, sin6,) — (Np /2) sin*(8,/2) (37)

The caretindicatesa transformed quantity, and 6; and 6, are Fourier
angles in the two coordinate directions. If implicit residual smooth-
img is applied, the Fourier symbol is replaced by

_ —i(Ngsin6; + N, sin6,) — (Np/2) sinz(Gn/Z) (38)
°= [1+2B:(1 —cos)][1+28,(1 —cosb,)]

Then, a sufficient condition for stability can be written as
max|z| < N* for all 0 and 6, (39)

where N* is the CFL number of the unsmoothed scheme. Because

2] = —i(Ng sinf; + N, sin6,) — (Np/2) sinz(Gn/Z) 40)
- [1+4+28:(1 —cosB;)][1+28,(1 — cosb,)]
12| < N sin 6 N, sin6,
o= [1+2B8:(1 —cosbs)] [1+28,(1—cos6,)]
(Np/2) sin*(6,/2) @)
[1+28,(1 —cosb,)]
or

max|z| < Ng f(0)max + NpgO)max + Nph(0y)max (42)
a sufficient condition for stability is given by
Ne f(0e)max + Ny&O)max + Nph(0)max < N* 43)
with
= NI taa=1/VTTR
hmax = 1/(1 +48,) (44)

Substituting Eq. (44) into Eq. (43) yields
Ne(1/V/1+48:) + N, (1//1+48,)

+Np[l/(1+4B,)] < N* (45)
where
N =N
Ae + Ay +4Ap 1+ ry e +4rpg

N, =

. 1

! he + Ay +40p L4t +4rp,

4y 1

= N =
Ae + Ay +4hp L4 2rpt+ 4y,

Thus, Eq. (45) becomes
N 1 1 N 1 1

[— +_
N*1trye +4rpe JT+4p. N 141! +4rp, /1448,

N 1 1

<1
N* 1+ 4r) +ir5nl 1+48, —

(46)

In the cases of low-aspect-ratio cells (rns < 1) at the far field
and high-aspect-ratiocells in the boundary layer (r,¢ > 1, 7p, > 1),
Eq. (46) can be approximated as

N 1 1
N*1+r; +4rp€ /1 + 48

N 1 1

—_— <
N1 qrpg 475, 148,

1 (47)

respectively. Thus, the variable smoothing coefficient in each direc-
tion is given by

5 1| (N 1 ’ o
= maxj — ) -1,
¢ 4| \N* 147, +4rp
1({ N 1
B, = max| — N*ﬁ_l ,0 (48)
4 1+ ZrDE + Zan
Multigrid Approach
Standard Multigrid Algorithm
The present multigrid scheme is a full approximation scheme.??
Denoting the mesh level by a subscript /2, the multigrid procedure
starts with a time step on the finest mesh & =1. The underlying
coarse meshes (three in the present study) are constructed by suc-
cessively removing each fine grid line in both coordinate directions

(full coarsening). Flow variablesof fine grids are restrictedto coarse
grids by area weighting as

= ZSth/Sh-H (49)

where S, is the cell area of a fine mesh and S}, , ; is the sum of the
area over four cells of a fine mesh.

Solutions on a coarse mesh are then updated as follows: 1) cal-
culate the correction, and update the solution on the fine mesh;
2) restrict flow quantities to the coarse mesh; 3) collect the residual
over four cells of the fine mesh, and calculate the residual on the
coarse mesh as

Ry, =Rii1@ii) +a ) Ri(@)—Riii(Q7) (50

where

PEQ) | 9F@) [aEAQh) N

OF,(Q))
o& a1

Rh(Qh) = { € an

_S(Qh)}

and 4) calculate the correctionand update the solution on the coarse
mesh. The residual for the next coarser mesh is calculated as

R, =Ri2@ ) +a ) R —Ria(0),) 5D
The procedure is repeated down to the coarsest mesh, and finally
the correctionis sent back to the fine mesh by bilinear interpolation.

V-cycle is used in the present paper, i.e., one smoothing sweep at
each grid level is performed only at the restriction step.

Damped Prolongation

The multigrid routine described in the preceding section is very
efficient in solving the Euler and Navier-Stokes equations for sub-
sonic and transonic flow problems. In the hypersonic flow regime,
however, the standard routine is so unstable that a converged solu-
tion is not to be obtained. To stabilize a transient multigrid solution,
adamped prolongationis proposedin Ref. 8, which can be described
as follows.

The standard prolongation can be written in the following form:

Pa=pa+ (559 = p§e9) (52)
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where p, is pressure on the fine grid before multigrid cycle and
Da is pressure on the fine grid after multigrid cycle; p$°¢ stands
for pressure on the fine grid prolongated from the initial solution
on the coarse grid, i.e., the restricted fine grid solution, and p$°¢
stands for pressure prolongated from the coarse grid solution after
a few smoothing sweeps. According to the analysis? the value of
P4 can be negative if the value of p$°C is much greater than that of
PSY€. To avoid negative pressurein the prolongationstep, adamped

prolongationis proposed as follows®:
Pa=pa+ (P — p§°°) (53)

withg = p,/ max{p,, , PS6€}. This limiter ¢ ensures that the
updated pressure p, is always positive. The damped prolongation
method proposed in Ref. 8 works well and enhances robustness
during the multigrid cycle.

However, it can be thought that there is no reason to include the
term p$°C in the limiter . If p§9C is the largest value, j, is always
positive without the limiter ¢. It thus suffices to include only the
pa and pS°C terms. Unfortunately, the limiter with only these two
terms fails to avoid negative pressure. According to the experience
of the present study, negative pressure might arise when p§°€ is the
largest value, i.e., when pressure is abruptly changed after smooth-
ing sweeps in the coarse grid. In fact, it is thought that the success
of the limiter ¢ is as a result of the 5§°¢ term. The kinetic energy
across a shock wave is not sufficiently reduced in the coarse grid
after smoothing sweeps, such as at the postshock position. Thus,
sometimes the kinetic energy exceeds the total energy. This phe-
nomenon leads to the reduction of internal energy after the shock
wave propagates, and it results in unphysical negative temperature
and pressure. Consequently, it is important to know the location of
the shock wave during multigrid cycle and to limit the correction

value prolongated from the coarse grid. Only the term 5$9¢, not

pSY€, can detect the cells where the shock wave is propagated. The

difference between p, and p$°¢ indicates the location of the cells
where flow variables are abruptly changed. In the present paper the
following form of modified damped prolongation is proposed and

used for all test cases:

Qh = Q;,U) +¢I£+1[Qh+1 - Q;:U-)H] (54)

~cGe
Pa

with ¢ = min(1, pa/p5°©). I,f’+ , is a bilinear prolongation opera-
tor.

Numerical Results

Test cases involving hypersonic flows over a 1-m-radius, two-
dimensional half-cylinder are considered to evaluate the perfor-
mance of the reacting-gas multigrid solver with the modified
damped prolongation and new implicit residual smoothing. Two
65 x 113 grids, one uniformly spaced in the radial direction for the
Euler calculationsand the other clustered to the cylinder surface for
the Navier-Stokes calculations, are considered. All computations
are initialized by fixing the freestream fluid properties in the inte-
rior of the computational domain. The adiabatic and noncatalytic
conditionis used for the wall boundary of viscous flows. To check
convergencebehavior, the L2 norm of the discretized fine grid den-
sity residualis plotted vs iterationnumber, which is normalized with
respectto the firstiteration value. Attempts to obtaina convergedso-
lution, with the standard multigrid method disregarding the damped
prolongation step, failed for all test cases.

Equilibrium Inviscid Flow Calculations

Flow conditions correspond to a Mach number 10 flight at an
altitude of 60 km. Figure 1 shows the pressure contour and shock
profiles along the stagnation streamline, which show monotonic
behavior. Both the single-grid and four-level multigrid calculations
convergedto the level of six orders of magnitudein density residual.
No difference can be observed between the single-gridand the four-
level multigrid solution.

The single-grid calculation using five-stage Runge-Kutta time
integration converged six orders of magnitude in 8848 iterations.
The four-level multigrid calculation with the modified damped pro-
longation of Eq. (54) takes only 710 iterations to achieve the same

Table 1 Comparison of convergence rate
(equilibrium inviscid flow)

Time integration Iteration number Speed-up
Runge-Kutta 1 level 8848 1.0
Runge-Kutta 4 level 710 7.8
LU-SGS 1 level 3274 1.0
LU-SGS 4 level 950 1.6
LU-SGS 4 level® 948 1.6
Fig. 1a Comparison of pressure between 4 Level
single-grid and four-level multigrid solutions. 1 Level
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Fig. 1b Comparison of shock profiles along the stagnation streamline
between single-grid and four-level multigrid solutions.

level of convergence, which is equivalentto a 7.8 speed-up in terms
of computational time. The four-level multigrid using five-stage
Runge-Kutta time integration is roughly 1.5 times more expen-
sive than the single-griditeration. The single-grid calculation using
LU-SGS time integration converged in 3274 iterations. The same
level of convergence can be achieved with the four-level multigrid
in 950 iterations, almost halving the computational time. The four-
level multigrid with the damped prolongationin Ref. 8 takes 945
iterations. Differencesin convergencerate and error history between
the damped prolongationin Ref. 8 and the modified damped pro-
longation can be hardly noticeable. The four-level multigrid using
LU-SGS time integration is roughly twice more expensive than the
single-grid iteration. Without damped prolongation it is impossi-
ble to obtain a multigrid solution caused by numerical instability
in both the five-stage Runge-Kutta and LU-SGS schemes. Table 1
summarizes the multigrid speed-ups.

Comparison of convergence rate between the five-stage Runge-
Kutta and the LU-SGS methods is presented in Fig. 2. Computa-
tional costis normalized with respect to the time required to perform
oneiterationusing single-level LU-SGS. The comparisonof compu-
tational cost presents an interestingresult. Computational cost using
the four-level five-stage Runge-Kutta method is approximately the
same as that of the single-grid LU-SGS method. This is caused
by the CFL number restriction and computing time required per
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Fig. 2a Convergence history of equilibrium inviscid flow.
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Fig. 2b Comparison of computation cost.

iteration. The CFL number is 1.0 when five-stage Runge-Kutta is
used and 10.0 in the case of LU-SGS. Results show that the multi-
grid using LU-SGS method is the most efficient but slightly faster
than the single-level LU-SGS or four-level five-stage Runge-Kutta
methods.

Equilibrium Viscous Flow Calculations

Flow conditions are the same as the preceding case. The single-
grid calculation using five-stage Runge-Kutta time integrationcon-
verged five orders of magnitudein 9274 iterations. In this case both
the implicitresidual smoothing of Egs. (23) and (27) (method 1) and
the modified implicit residual smoothing of Eq. (48) (method 2) are
applied to the four-level multigrid. Method 1 is not sufficient to ex-
tend local stability. Thus, « in the forcing term of Eq. (50) has to be
reduced to the value of 0.7 to preventa blowup, which results in the
degradationof multigridefficiency. However, this situationdoes not
happen in method 2, and the tuning of the forcing term is not neces-
sary. The four-levelmultigrid with method 1 takes 1870 iterationsto
achieve the same level of convergenceas the single-gridcalculation,
whichis equivalenttoa 3.5 speed-upin terms of computationaltime.
The four-levelmultigrid with method 2 takes 1118 iterationsleading
to a 6.0 speed-up in terms of computational time. The error history
with five-stageRunge-Kutta time integrationin Fig. 3a shows some-
what oscillatory behavior when the residual is reduced to O(107%),
which is not shown in inviscid calculation. This oscillatory behavior
is caused by the error accumulated at the shock position near the far
boundary, where local grids are aligned with the shock. It is local
phenomenon within three or four grid points, and this error does not
propagate to other domains and is quickly damped out.

The single-grid calculation using LU-SGS time integration con-
verged five orders of magnitude in 2619 iterations. The four-level
multigrid takes 480 iterations to achieve the same level of conver-
gence, which is 2.1 times faster than the single grid calculation.

Table 2 Comparison of convergence rate
(equilibrium viscous flow)

Time integration Iteration number Speed-up

Runge-Kutta 1 level 9272 1.0

Runge-Kutta 4 level (method 1) 1870 3.5

Runge-Kutta 4 level (method 1) 1118 6.0

LU-SGS 1 level 2619 1.0

LU-SGS 4 level 480 2.3
1E+1

LU-SGS Runge-Kutta
—&>—  1-Level —@— 1-Level

—4@— 4Level —CO—  4-Level (Method I)
—{D—  4-Level (Method II)

Residual
ot
&
[ 8]
|

Ll

0 2000 4000 6000 8000 10000
Iteration Number

Fig. 3a Convergence history of equilibrium viscous flow.
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Fig. 3b Comparison of computation cost.

Table 2 presents the multigrid speed-ups with adopted time-
integration methods. Figure 3b shows the comparison of compu-
tational cost in equilibrium viscous flows. As in the preceding case,
computational cost is normalized with respect to the time required
to perform one iteration using single-level LU-SGS. The computa-
tional cost of the four-level multigrid using the five-stage Runge-
Kutta method is even more expensive than that of single-level LU-
SGS computation,whichis again causedby the CFL numberrestric-
tion from the stability requirement and computing time of residuals
per iteration. The CFL number is 0.7 in the case of the five-stage
Runge-Kutta method and 5.0 for LU-SGS.

Nonequilibrium Inviscid Flow Calculations

Flow conditions correspond to a Mach number 10 flight at an
altitude of 60 km. Figure 4 shows the error history of each method.
The single-grid calculation with five-stage Runge-Kutta converges
five orders of magnitudein 8058 iterations. The four-levelmultigrid
takes 1192 iterations, which is approximately 4.5 times faster than
the single-grid calculation in terms of computational time.

The single-grid calculation using LU-SGS time integration con-
verges five orders of magnitude in 14,987 iterations, and it takes
2730 iterations to achieve the same level of convergence with the
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Table3 Comparison of convergence rate
(nonequilibrium inviscid flow)

Time integration Iteration number  Speed-up

Runge-Kutta 1 level 8,058 1.0
Runge-Kutta 4 level 1,192 4.5
LU-SGS 1 level 14,987 1.0
LU-SGS 4 level 2,730 2.7
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Fig. 4a Convergence history of nonequilibrium inviscid flow.
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Fig. 4b Comparison of computation cost.

four-levelmultigrid. This is almost three times fasterthan the single-
grid computation in terms of computational time. Figure 4b shows
the comparison of multigrid convergence between the two multi-
grid smoothers, which indicates that the multigrid with LU-SGS
is slightly faster than four-level five-stage Runge-Kutta. Table 3
summarizes the multigrid speed-ups.

Nonequilibrium Viscous Flow Calculations

Flow conditions of the first test case correspondto a Mach num-
ber 10 flight at an altitude of 60 km. Comparison between the five-
stage Runge-Kutta and the LU-SGS method is presentedin Fig. Sa.
The single-grid calculation using five-stage Runge-Kutta time in-
tegration converges five orders of magnitude in 12,515 iterations.
The four-level multigrid with the implicit residual smoothing of
method 1 takes 2915 iterations to achieve the same level of con-
vergence, which achieves approximately a 2.8 speed-up. However,
« in the forcing term has to be down to the value of 0.7. On the
other hand, the four-level multigrid with method 2 takes only 1821
iterations, which is roughly 4.5 times faster than the single-grid
calculation. This shows again the efficiency and robustness of the
proposed implicit residual smoothing. The single-grid calculation

Table 4 Comparison of convergence rate
(nonequilibrium viscous flow)

Time integration Iteration number Speed-up
Runge-Kutta 1 level 12,515 1.0
Runge-Kutta 4 level (method 1) 2,912 2.8
Runge-Kutta 4 level (method 2) 1,821 4.5
LU-SGS 1 level 26,030 1.0
LU-SGS 4 level 3,443 3.7
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Fig. 5a Convergence history of nonequilibrium viscous flow.
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Fig. Sb Comparison of computation cost.

using LU-SGS time integration converges five orders of magnitude
in 26,030 iterations. The four-level multigrid takes 3443 iterations,
which is equivalentto a 3.7 speed-up compared to the single grid in
terms of computationtime. Figure 5b shows again that the multigrid
with the LU-SGS method is more efficient than that with the five-
stage Runge-Kutta method. The computation cost is normalized
with respect to the time required to perform one iteration using the
single-level LU-SGS time-integrationmethod. Table 4 summarizes
the multigrid speed-ups. For the study of grid refinement, three types
of grids—65 x 169 (grid 1),65 x 113 (grid2), 65 x 57 (grid 3)—are
tested. In this study LU-SGS is adopted simply because of compu-
tational efficiency. Figure 6 shows the error history of each grid
system, indicating the independence of the multigrid convergence
rate on grid size.

The second test case involves a Mach number 15 flight at an alti-
tude of 60 km. As in the preceding test case, LU-SGS time integra-
tion is chosen for the purpose of computationalefficiency. As shown
in Fig. 7a, translational and vibrational temperature distributions
are compared with equilibrium temperature along the stagnation
streamline. It is shown that there is a difference in shock positions
between equilibrium and nonequilibrium flow. A nonequilibrium
result shows the behavior of temperature relaxation right after the
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Fig. 6 Convergence history for three grid sizes.
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Fig. 7a Temperature distributions along the stagnation streamline.
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Fig. 7b Mass-fraction distributions along the stagnation streamline.

shock wave. Species mass-fraction distributions along the stagna-
tion streamline are presented in Fig. 7b. At this flow condition the
dissociation of N, is incomplete, but O, is dissociated almost com-
pletely. The mass fraction of NO increases rapidly right after the
shock wave, and it slowly decreases. Figure 8 shows the error his-
tory. The single-grid calculation using LU-SGS time integration
converges five orders of magnitude in 43,922 iterations. The four-
level multigrid takes 5691 iterations, which is equivalentto a 3.8
speed-up in terms of computation time. The four-level multigrid
with the damped prolongationin Ref. 8 takes 5695 iterations. Dif-
ferences in convergencerate and error history between the damped
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Fig. 8 Convergence history of nonequilibrium viscous flow.

prolongationin Ref. 8 and the modified damped prolongationin the
present paper can be hardly noticeable.

Conclusions

An efficient and robust multigrid algorithm for computations of
hypersonicreacting flows has been developed. A modified damped
prolongationmethod and modified implicitresidual smoothinghave
been proposed and validated for test cases including equilibrium
inviscid, viscous and nonequilibrium inviscid, viscous air simula-
tions with five-species, two temperature models. Without damped
prolongation multigrid solutions are not obtained as a result of se-
vere numerical instability for all test cases, and the modified im-
plicitresidual smoothing for the explicit Runge-Kutta method does
help the multigrid procedure to work very efficiently. The compari-
son of computation costs and multigrid speed-ups indicates that the
LU-SGS method is more efficient than the five-stage Runge-Kutta
time integration. Judging from the results of numerous test cases, it
can be confirmed that the present methods are robust in obtaining
solutions efficiently in the high-speed flow regime.
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